Abstract. Seminal works by Birch and Ihara gave formulas for the mth power moments of the traces of Frobenius endomorphisms of elliptic curves over F p for primes p ≥ 5. Recent works by Kaplan and Petrow generalized these results to the setting of elliptic curves that contain a subgroup isomorphic to a fixed finite abelian group A. We revisit these formulas and determine a simple expression for the zeta function Z p (A; t), the generating function for these mth power moments. In particular, we find that
Introduction and Statement of Results
For an elliptic curve in Weierstrass normal form E(α, β) : y 2 z = x 3 − αxz 2 − βz 3 and a prime p ≥ 5, we count the F p -rational points N E (p) by denotes the Legendre symbol. For an elliptic curve E and a prime p, a E (p) is the trace of the Frobenius endomorphism, and its magnitude is bounded by 2 √ p according to
Hasse's theorem. We can write a E (p) = 2 √ p cos(θ p ) for a unique 0 ≤ θ p ≤ π. For a fixed E, the distribution of the traces of Frobenius endomorphisms over varying prime fields is the content of the famous Sato-Tate conjecture, which was proved by Taylor and his collaborators in [3, 4, 13] . Namely, for E without complex multiplication and any 0 ≤ c < d ≤ π, their work implies that the density of primes such that c ≤ θ p ≤ d is given by Prior to this work, Birch [1] and Ihara [9] investigated the distribution of the a E (p) by instead fixing a finite field F p and varying the elliptic curve. To obtain this distribution, they considered the mth power moments 1 Birch's main result, reformulated explicitly in terms of the Catalan numbers C m , gives an asymptotic for even moments as m → ∞ (all odd moments are zero):
This result has recently been generalized by Kaplan and Petrow [10] , and in a slightly different guise by Kowalski [11] , to compute power moments for only those elliptic curves whose group of F p -rational points contains a subgroup isomorphic to a fixed abelian group A. These moments are defined by
is a nonsingular elliptic curve whose group of F p -rational points contains a subgroup isomorphic to A.
We can also express the moments as
where E p denotes the expectation over all (α, β) ∈ F 2 p such that 4α 3 − 27β 2 = 0 and Φ A denotes the indicator function of A ֒→ E(α, β). We study the generating function of these moments, the zeta function
We prove that Z p (A; t) is a simple rational function in t that can be calculated from the first few values of M p (A; m). To be precise, for a prime p ≥ 5, we define
and we observe that:
We also define
Here, Frob p (A) should be thought of as the set of potential traces of Frobenius endomorphisms of elliptic curves E whose group of F p -rational points contains a subgroup isomorphic to A. Using the mth power moments
This sequence provides the coefficients of the polynomial
We now state our first theorem, which gives a simple form for the zeta function Z p (A; t). 
(1 − at) .
Remark.
Since Z p (A; t) is a rational function with denominator of degree δ A (p), the moments M p (A; m) satisfy a recurrence relation of length δ A (p). In the special cases that |A| ∈ {1, 2}, all the odd moments are trivial, so the even moments satisfy a recurrence of length
. In general, δ A (p) can be thought of as a measure of the complexity of the power moment problem.
Remark. It is well-known that only some A can be isomorphic to subgroups of elliptic curves over F p . Namely, A must be of the form Z/n 1 Z × Z/n 2 Z where n 2 | n 1 . Although Theorem 1.1 is unnecessary if A is not of this form, it still applies, as all the low-order moments M p (A; m) vanish, and so we have that Z p (A; t) = 0.
In contrast to our generating function approach, the works by Birch, Ihara, Kaplan, and Petrow [1, 9, 10] on power moments used versions of the Eichler-Selberg trace formula for the action of Hecke operators on certain spaces of modular forms. The connection between Hecke operators and power moments appears because, as Deuring [6] proved, any elliptic curve over F p is the reduction of a curve with complex multiplication. The theory of complex multiplication in turn provides the link between counting elliptic curves and the Hurwitz class numbers which appear in the trace formula [5] .
Thanks to this connection, Theorem 1.1 can be used to compute the traces of Hecke operators. Our zeta functions Z p (A; t) allow us to explicitly determine the rational generating functions in weight aspect for all traces of Hecke operators T p on S k (Γ) for certain congruence subgroups Γ. We give a special case to simplify the calculations, but the machinery of [10] works in greater generality, as do our generating function methods. Let A = Z/n 1 Z × Z/n 2 Z with n 2 | n 1 . The constants c(A) and d p (A; k), and the congruence subgroup Γ(n 1 , n 2 ), are defined in §2.1. In particular, it turns out that Γ(N, N) ≃ Γ(N) and Γ(N, 1) = Γ 1 (N).
, and gcd(p − 1, n 1 ) = n 2 , then the generating function in weight aspect of traces of T p acting on S k (Γ(n 1 , n 2 )) is given by:
Corollary 1.3.
In the special case A = {0}, we obtain:
Our simple form for the generating function Z p (A; t) motivates us to investigate congruences in M p (2m) := M p ({0} ; 2m), whose generating function is denoted Z p (t) := Z p ({0} ; t). In particular, we prove the following theorem. 
, and m > 0, then
The plan of the paper is as follows. First, §2 introduces necessary background and notation. Next, §3 provides proofs of the main theorems. Finally, §4 gives examples of our results.
2. Preliminaries 2.1. Notation. First, we define some notation that appears in the statement of Theorem 1.2, as well as in [10] . Let 
Hecke operators and the Eichler-Selberg trace formula.
Note that the interested reader can refer to [12] for more information on modular forms and Hecke operators. Let M k (Γ) (resp. S k (Γ)) denote the complex vector space of modular forms (resp. cusp forms) of weight k on a congruence subgroup Γ ≤ SL 2 (Z). The Hecke operators T p are linear transformations that act on these spaces of modular forms. For example, if
, we have:
where we set a(n/p) = 0 if p ∤ n. For the action of T p on M k (Γ) for various congruence subgroups Γ, see [7] . Let Tr T p |S k (Γ) denote the trace of the Hecke operator T p acting on
Of particular interest to us is the congruence subgroup Γ(N, M) for M | N defined as follows:
The Eichler-Selberg trace formula is central to previous works on moments. We recall the normalized Chebyshev polynomials,
where ξ is a solution to the polynomial X 2 − aX + b = 0. The Eichler-Selberg trace formula for a prime Hecke operator T p on cusp forms on the full modular group is
where H(·) denotes the Hurwitz class number. From this, Birch [1] derived a simple relationship between traces and moments, valid for k > 1:
For traces of Hecke operators over Γ(n 1 , n 2 ), Kaplan and Petrow [10] proved a more refined version of the Eichler-Selberg trace formula. Using this formula, they compute the expectations of traces of Frobenius endomorphisms weighted by Chebyshev polynomials, E p Φ A U k−2 (a E , p) , in terms of the traces Tr T p |S k Γ(n 1 , n 2 ) . When p ≥ 5 is prime and under the other assumptions of Theorem 1.2, Kaplan and Petrow's main result reduces to:
Proofs
Proof of Theorem 1.1. By definition, we have that
where S a (A) := # (α, β) ∈ F 2 p : A ֒→ E(α, β) and a E (p) = a . Using the definition of Z p (A; t), we have:
, the condition that A ֒→ E(α, β) implies that a ≡ p + 1 (mod |A|). Of course, this condition is necessary but not sufficient. Hence, S a (A) = 0 whenever a ≡ p + 1 (mod |A|). So, our expression becomes:
Note that the denominator is a polynomial of degree δ A (p), as defined in (1.6). In addition, the degree of the numerator is less than or equal to δ A (p). Thus, if we define 
By linearity of expectation, we rewrite part of this expression as:
At this point, we rewrite this in terms of moments using (1.4). Indeed, we have that
Finally, we notice that d p (A; k) depends only on the parity of k. Putting everything together, we obtain:
Our first lemma gives a closed formula for Z C p (t) in terms of the well-known generating function of the Catalan numbers,
Lemma 3.1. If p ≥ 5 is prime, then we have that
Proof. We use the identity
For k = 0, this is the usual generating function of the Catalan numbers. One can prove the general identity inductively by differentiating, multiplying by x 2k+2 , and integrating. Given this identity, the formula for the generating function Z C p (t) is a consequence of Birch's formula: 
Thus, we have derived the following lemma.
Lemma 3.2. If p ≥ 5 is prime, then we have that
Remark. 
(2) The following congruence modulo p holds:
we formally plug in −1 for p in the closed form of the generating function. We obtain
. Since all nontrivial terms of the generating function are 0 modulo p+1, the proof is complete.
(2) Similarly, we now formally plug in 0 for p in the closed form of the generating function. We see that C(pt 2 ) ≡ 1 (mod p), so we have that
. We are now ready to prove Theorem 1.4.
Proof. For (1), if ℓ ∈ {2, 3, 5}, m ≥ 1, and p ≥ 5 is a prime such that p ≡ −1 (mod ℓ), then we have by Lemma 3.3 
By a paper of Hatada [8] , for such p, all traces of Hecke operators satisfy
Since C(pt 2 ) has integer coefficients, we see from Lemma 3.2 that
completes the proof of (1). For (2), a result by Choie, Kohnen, and Ono [2] shows that, under the hypotheses of the theorem,
Therefore we conclude, again by Lemmas 3.2 and 3.3 and using the fact that C(pt The observation that the smallest power of t appearing above is 12 and that the coefficient of t 14 vanishes reflects that S k is trivial for k ≤ 10 and k = 14. It is well-known that S k is generated by a single form for k ∈ {12, 16, 18, 20, 22}. We have S 12 = ∆ , S 16 = E 4 ∆ , S 18 = E 6 ∆ , S 20 = E 2 4 ∆ , and S 22 = E 4 E 6 ∆ . Since each of these generators is a normalized eigenform, the trace of T 5 on S k for each of these spaces is its eigenvalue, which in turn is the coefficient of q 5 in the Fourier expansion. Therefore our generating function allows us to read off the coefficients of q 5 for ∆, E 4 ∆, . . . , E 4 E 6 ∆. For instance, τ (5) = 4830.
Examples
Example 3. We demonstrate Theorem 1.2 when p ≥ 5 is a prime and A = Z/ℓZ, where ℓ is an odd prime such that p ≡ 1 (mod ℓ) and p = ℓ. The relevant congruence subgroup is
